On some features of free precession of a triaxial body: the case of Her X-1 by Shakura, N I et al.
























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2 N.Shakura, K.Postnov & M.Prokhorov. Triaxial free precession










, the magnetic pole moves along a plane trajectory; the small thick arrow shows the way the pole passes in 1-day















trajectory of M relative to the new axes of inertia is shown with the thin arrows indicating the direction of the angular




is shown, i.e. the neutron star body turns anti-clockwise
around an axis close to I
1
. In the right panel, M moves toward I
2
and the star turns clockwise around I
1
. The long thick arrow
indicates the rapid motion of the magnetic pole P toward the rotational equator.
are the components of the moment of inertia parallel and
normal to the total angular momentum and b is the angle
between the largest moment of inertia (I
0
3
in our case) and
the angular momentum.
Let now the body of the neutron star experience some
quake resulting in a practically instantaneous change in all






(Fig. 1). As is well
known (see Landau and Lifshits 1965), in this case the
motion of the angular momentum vector relative to the
axes of inertia becomes more complicated: two families of
non-planar trajectories appear isolated by two separatri-
ces passing through I
2
, one around I
3
, another around I
1
.
The motion along a trajectory around the maximal mo-
ment of inertia (I
3
) becomes very nonuniform (see Fig.
2): the closer the trajectory to the separatrix, the more
nonuniform the motion along it is. In Fig. 2 we show how
the angle between the angular momentum and the mag-
netic pole  changes with time over one precession period
(see the Appendix for more detail). The angular momen-
tum rapidly passes most part of the trajectory and slows







(in the limiting case when the pole goes exactly
along the separatrix, it would stay innitely long at the






, being in the state of
indierent equilibrium). In the middle panel of Fig. 2 we
also reproduce the phase change of cos  in the axisym-
metrical case with the angles taken from Trumper et al.
(1986)(the thick sinusoid). Clearly, the quake must have
taken place somewhere between 	
35
= 0 and 	
35
= 0:1,




In the triaxial case, the angular momentum vector can
move in two opposite directions depending on at which
part of the trajectory the quake happened (left and right
schemes in Fig. 1). Accordingly, in the rotating frame with
the z-axis along M, the magnetic pole will rapidly move
downward (left part of Fig. 1) or upward (right part of
Fig. 1) since the neutron star body turns around some axis
(close to I
1
in Fig. 1). Requiring that the magnetic pole
lies near the rotational equator shortly after the quake
(in order to make it possible to observe an X-ray pulse





axes of inertia (as the angular
momentum vector "freezes" near the axis I
2
).
The long thick arrow in Fig. 1 illustrates the way the
magnetic pole now passes over one day. In Her X-1, the
transition from one trajectory to another occurs between
September 22 and 23, 1978, which explains the appar-
ent 10-fold increase in the free precession rate. After that
the moments of inertia relaxes to their "usual" values
and the magnetic pole returns to another planar "axially-
symmetric" trajectory lying not far from the old one (be-
cause the angular momentum spent most time near the
separatrix "crotch").
1
We remind that conventionally the precession phase 	
35
=
0 corresponds to the maximum X-ray ux so that the main
X-ray turn-on starts at 	
35
=  0:15
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Fig. 2. The dependence of the angle  between the magnetic pole P and the vector of angular momentum M on the pre-
cession phase 	
35
in the case of the triaxial precession. The relative dierences in moments of inertia are both 10
 6
. The




(middle panel), and I
3
(right panel). The ve curves in each gure are
shown for the trajectories around I
3
(see Fig. 1) characterized by dierent maximal angles 
max





= 1; 1=3; 1=10; 1=100; 1=1000. The closer the trajectory to the separatrices, the more nonuniform the motion of M
along it is. The thick sinusoid in the middle panel depicts the phase behaviour of cos  for axisymmetric precessional motion










. The quake must have
taken place close to 	
35
= 0:05
During the triaxial motion described above the preces-
sion period should not change appreciably since the gross
dierence in the parallel and perpendicular moments of in-
ertia remains practically the same. After the body of the
neutron star has returned into its axisymmetric form, it
should be recognized that the X-ray pulse should generally
be phase-shifted. This eect can in principle be detected
by accurate timing of X-ray pulses in dierent 35-day cy-
cles.
In the free precession model for Her X-1 the vector of
the neutron star angular momentum should be inclined to
the line of sight by an angle of   40 degrees tilted away
from the observer (see Trumper et al. 1986 for a detailed
discussion of all relevant angles in the case of the axially
symmetric free precession). That the angular momentum
of the neutron star proves to be tilted with respect to
the orbital angular momentum is naturally explained in
the framework of the free precession model because the
torques applied to a strongly magnetized rotating neutron
star by the accretion disk change the sign for some critical
inclination ( 55 degrees) of the magnetic dipole axis to
the neutron star spin axis (Lipunov 1992).
Note to conclude that free precession of neutron stars
makes them an interesting potential source of gravita-
tional radiation (Jones 1998), and the conrmation of the
free precession model for Her X-1 should stimulate such
studies.
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the motion of the angular momentumvector in the coordi-
nate system related to axes of inertia in the rotating frame





















































where cn  , sn  , and dn  are elliptic Jacobi functions
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we calculate the curves shown in Fig. 2 for the position
of the magnetic pole on the neutron star surface and the
angular momentum vector as explained in the gure cap-
tion.
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